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Implementation of the fourth-order compact scheme for numerical
simulation of bottom gravity current over a slope
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Summary

In many numerical simulations of fluid dynamics problems, especially those possessing a
wide range of length and time scales (e.g., geophysical flows), low-order numerical
schemes are insufficient. Compact finite difference schemes, introduced as far back as the
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1930s, have been found to be simple ways of reaching the objectives of high accuracy and
low computational cost. Compared with the traditional explicit finite difference schemes
of the same order, the compact schemes are more accurate with the added benefit of using
smaller stencil sizes, which can be essential when treating non-periodic boundary
conditions. In recent years, the number of studies devoted to the application of compact
schemes to spatial differencing of geophysical fluid dynamics problems has been
increasing.

This work focuses on the application of a three-point fourth-order compact finite
difference scheme for numerical solutions of bottom gravity current over a slope. The
governing equations used to perform the numerical simulation are the vorticity-stream
function-salinity formulation of the two dimensional viscous incompressible Boussinesq
equations.

The details of spatial and temporal discretization of the governing equations are
presented. For spatial differencing of the equations, the second-order central and a three-
point fourth-order compact finite difference schemes are employed. In addition, the
second-order two-stage predictor-corrector leapfrog scheme is used to advance the
governing equations in time. Derivation of the consistent boundary condition formulation
to generate stable numerical solution without degrading the global accuracy of the
computations is also presented. To derive the required numerical boundary conditions for
salinity and vorticity fields at lateral, top and bottom boundaries of the computational
domain, the fourth-order one-sided (forward and backward) compact relations are used.

Two values for the salinity and a fixed value for bottom slope angle are used to
perform the numerical simulations. Qualitative comparison of the results indicates better
performance of the fourth-order compact scheme with respect to the second-order
method. Furthermore, the computed value of the rate of the head growth of the gravity
current generated by the fourth-order compact scheme is in agreement with existing
numerical results, which indicates the accuracy of simulations in a quantitative manner.
For the test cases used to perform the simulations in the present work, it was observed
that the values of salinity and vorticity generated by the second-order method on bottom
boundary were too noisy. While, values of salinity and vorticity generated by the fourth-
order compact scheme, especially on the bottom boundary of computational domain, do
not show this property and are more accurate than those generated by the second-order
method. In addition, the numerical results show that the fourth-order compact scheme can
successfully simulate the formation of vortices in the tail section of the gravity current,
while the second-order scheme fails.

Key words: Gravity current, finite difference, compact scheme, numerical accuracy,
Boussinesq
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