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Abstract 
We present a fast implementation of a 1D elastic full-waveform inversion for reconstructing the 
elastic structure of the subsurface. The FWI is an inversion algorithm that directly models the full 
seismic wavefield by solving a semi-analytical form of the elastic wave equation for a 1D layered 
earth model known as the reflectivity method. The input seismic data are pre-conditioned angle-
gathers. The inversion is done using a stochastic algorithm known as PSOES, a fast hybrid stochas-
tic optimization algorithm. Our work primarily contributes to accelerating the computation times 
required for the inversion, with the goal of developing a strategy that enables code implementation 
at production scales. Additionally, we are working on creating a framework for conducting joint 
inversions with potential field data. The computational cost of the FWI is directly proportional to 
the number of unknowns in the inversion problem, which correlates with the vertical resolution of 
model (i.e., the layer thicknesses in the 1D Earth model) and the maximum depth of the study. 
However, the relationship is not linear because increasing the number of unknowns affects the run 
time of both the forward and inverse problems. On the other hand, the quality of the solution highly 
depends on the vertical resolution since modeling the higher frequencies in the data requires a rela-
tively small vertical thickness. An optimum implementation of the FWI could result in calculating 
1D elastic profiles of the subsurface which could be used for constraining the inversion of potential 
field data over sedimentary basins. 
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1    Introduction 
Seismic Full-Waveform Inversion (FWI) 
has received tremendous attention in re-
cent years because of its superior perfor-
mance in both imaging applications (e.g., 
Alaei et al., 2022; Gong et al., 2023; 
McLeman et al., 2023; Warner et al., 
2021) as well as elastic formulations with 
direct quantitative interpretation applica-
tions (e.g., Hu et al., 2023; Wang et al., 
2021; Martin and Long, 2019; Zhang et 
al., 2018; Ghanbarnejad Moghanloo et 
al., 2017; Moghanloo et al., 2018).  
    In general, FWI is a high-demanding 
computational approach and the availabil-
ity of high-performance computing is an 
integral part of its successful utilization 
(e.g., Bortot et al., 2023; Tarayoun et al., 
2022; He et al., 2018). As an inverse 
problem, the FWI is highly non-linear 
(Wu, 2018; Virieux and Operto, 2009) 
and essentially requires a relatively opti-
mum starting model which has to either 
come from seismic processing or other 
inversion schemes such as travel-time 
tomography (Treister and Haber, 2017; 
Biondi and Almomin, 2014; Alkhalifah 
and Choi, 2013). The non-linearity is 
partly caused by the simultaneous recon-
struction of low and high frequency con-
tent of the data which are sometimes sep-
arated in a multi-stage manner to over-
come the non-linearity (e.g., Oh et al., 
2020). These limiting factors renders the 
effective application of FWI quite prob-
lematic for standard day-to-day work-
stations as even the available benchmark 
data are considered big data (e.g., Deng et 
al., 2022).  
    Compared to three- and two-
dimensional elastic FWI problems, 1D 
elastic FWI is particularly more robust 
for a number of reasons including the 
possibility to use global stochastic inver-
sion algorithms (e.g., Aguiar et al., 2019). 
However, the underpinning reason for 
this is the forward problem which could 
be solved (semi-) analytically as opposed 
to numerical solvers and hence faster im-

plementations (Santos and Revelo, 2018). 
In addition, the location of the inversion 
could be selected based on prior infor-
mation which facilitates detailed investi-
gations over selected target areas. The 1D 
nature also allows easy implementations 
of greedy parallel computing techniques 
as well as computationally expensive 
probabilistic inversion algorithms for un-
certainty analysis (e.g., Markov Chain 
Monte Carlo methods) which are quite 
advantageous from a practical standpoint 
(e.g., Aleardi et al., 2016). 
    From the standpoint of integrated 
and/or joint inversion of seismic wave-
form and potential field data, the high 
cost of 2D/3D FWI is a limiting factor. 
While several works have recently inves-
tigated, for instance, joint FWI and gravi-
ty inversion (e.g., Jiang, 2020; Sirtori et 
al., 2019; Silva et al., 2018), the practical 
appropriateness of such endeavors are 
still debatable. In theory, such joining of 
the two methods would be advantageous 
in recovering areas with sharp lateral var-
iations in velocity/density especially, in 
the presence of salt structures, over 
thrusting, and/or basalts where seismic 
has difficulties (e.g., Sanford et al., 2023; 
Hu et al., 2022). However, other than ma-
rine seismic surveys, gravity and seismic 
data are hardly collected together. On the 
other hand, constraining gravity/magnetic 
and/or magnetotelluric data with well 
measurements is quite common (e.g., 
Lyrio and Li, 2023; Sun et al., 2019; 
Davis, 2019). To this end, 1D FWI is 
well suited for constraining potential field 
data in the form of pseudo wells which is 
the ultimate goal for the current contribu-
tion. 
    In the following, the problem state-
ment and related definitions of 1D FWI 
are first presented, followed by the im-
plementation and acceleration of the re-
flectivity method, as the forward prob-
lem. Next, we discuss the formulation of 
the inversion and present numerical tests 
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and conclusion.  
 
2    1D elastic Full-Waveform Inversion 
problem statement 
The FWI problem is defined as mathe-
matically finding a set of elastic parame-
ters of the subsurface (compressional and 
shear wave velocities and density, hereaf-
ter model) which can produce a seismic 
response that matches the observed one. 
The FWI is a one-dimensional problem 
meaning that the model is defined as a 
stack of laterally homogeneous layers. It 
is also a non-linear problem since there is 
no linear relationship between the model 
and seismic data. The model is defined as 
the vector of subsurface elastic parame-
ters of size M×3 with M being the num-
ber of layers in the model. The FWI is 
solved here using a global optimization 
algorithm for optimizing a single-valued 
objective function (Jamasb et al., 2019). 
The stochastic algorithm explores a 
search space defined as a subset of ℜ𝑀𝑀 
with an upper and lower bound, shown 
here as UB and LB, respectively. The fit-
ness of the solution is measured as a sin-
gle value through defining an objective 
function: 

(1) 

𝜑𝜑(𝒎𝒎) =  �𝑤𝑤𝑖𝑖�𝑑𝑑𝑖𝑖𝑜𝑜𝑜𝑜𝑜𝑜 − 𝑑𝑑𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐�
2

+ 𝜇𝜇𝜇𝜇(𝒎𝒎)
𝑁𝑁

𝑖𝑖=1

 

where the first term on the right-hand 
side is the fitness of model m in which wi 
is an element-wise data weight (e.g., data 
uncertainty) and N is the total number of 
the observed data. S(m) is a stabilizing 
operator and μ is the stabilizing parame-
ter. One example of S(m) is the smooth-
ing functional (i.e., the norm of the first 
derivative of the model parameters) 
which ensures that the estimated model 
not only has an acceptable misfit but also 
has minimum roughness aiming to sup-
press any artifacts in the estimated model. 
The FWI problem is mathematically de-
fined as finding the optimal 𝒎𝒎𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐 as: 
𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝒎𝒎 = 𝒎𝒎𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐 𝑖𝑖𝑖𝑖  𝜑𝜑(𝒎𝒎) ≤

𝜑𝜑�𝒎𝒎𝒌𝒌�  ∀ 𝒎𝒎𝒌𝒌 𝜖𝜖[𝑳𝑳𝑳𝑳,𝑼𝑼𝑼𝑼]                     (2) 
where 𝜑𝜑(𝒎𝒎) is the objective function.  
 
3    1D elastic FWI forward problem: 
The reflectivity method 
The FWI problem solves a semi-
analytical form of the wave equation us-
ing the reflectivity method [e.g., Mallick 
(1999)], first developed by Fuchs (1968) 
and Fuchs and Müller (1971). The reflec-
tivity method was later improved by 
Kennett (1975), Kind (1977), Kennett 
and Kerry (1979), and Fryer (1980). This 
method uses the response of stack of hor-
izontal elastic layers to an incident har-
monic wave of frequency ω and angle of 
incidence θ which can be computed by 
the well-known Thompson-Haskell ma-
trix formalism (Haskell, 1953) in terms of 
the reflection and transmission properties 
of portions of the stratification. In the 
original reflectivity method (Fuchs and 
Müller, 1971), the reflective response of a 
stack of layers was calculated by per-
forming the inverse spatial transform as 
an integral over real angles of incidence. 
The method was later generalized to in-
clude the complete response (P-P reflec-
tions, P-S conversions, and multiples) of 
a multi-layered heterogeneous medium 
with, for instance, the free surface 
(Müller, 1985).  
     The reflectivity method uses the re-
flection and transmission coefficients (or 
reflectivities and transmissivities) for 
plane waves incident on a plane interface 
or a stack of homogeneous layers separat-
ing two homogeneous half-spaces. The 
coefficients for an interface are given an-
alytically by Müller (1985) which we do 
not repeat here. However, those for a 
stack of layers are derived by a recursive 
algorithm first described by Kennett 
(1974) and in more details by Kennett 
(2009). To our knowledge, the partial re-
flection coefficients, although previously 
derived theoretically, have not been used 
in seismic exploration workflows. 
    In order to calculate the overall reflec-
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tion coefficients for a simple two-layers 
(AB and BC) model, let 𝑅𝑅𝐷𝐷𝐴𝐴𝐴𝐴 represent 
the reflection coefficients of a down-
going (hence subscript D) P-wave re-
flected from the interface separating A 
and B layers (Fig. 1). Similarly, T and U 
are used for transmission and up-going 
incident waves, respectively. The aim of 
the recursive scheme is the calculation of 
𝑅𝑅𝐷𝐷𝐴𝐴𝐴𝐴, i.e., the overall reflection response 
of the two-layers model (Kennett, 2009):  
𝑅𝑅𝐷𝐷𝐴𝐴𝐴𝐴 = 𝑅𝑅𝐷𝐷𝐴𝐴𝐴𝐴 + 𝑇𝑇𝑈𝑈𝐴𝐴𝐴𝐴𝑅𝑅𝐷𝐷𝐵𝐵𝐵𝐵  [𝐼𝐼 −
𝑅𝑅𝑈𝑈𝐴𝐴𝐴𝐴𝑅𝑅𝐷𝐷𝐵𝐵𝐵𝐵]−1𝑇𝑇𝐷𝐷𝐴𝐴𝐴𝐴                                     (3) 
where the  [𝐼𝐼 − 𝑅𝑅𝑈𝑈𝐴𝐴𝐴𝐴𝑅𝑅𝐷𝐷𝐵𝐵𝐵𝐵]−1 term in Eq. 
(3) can be decomposed as: 
[𝐼𝐼 − 𝑅𝑅𝑈𝑈𝐴𝐴𝐴𝐴𝑅𝑅𝐷𝐷𝐵𝐵𝐵𝐵]−1 = 𝐼𝐼 + 𝑅𝑅𝑈𝑈𝐴𝐴𝐴𝐴𝑅𝑅𝐷𝐷𝐵𝐵𝐵𝐵 +
𝑅𝑅𝑈𝑈𝐴𝐴𝐴𝐴𝑅𝑅𝐷𝐷𝐵𝐵𝐵𝐵  𝑅𝑅𝑈𝑈𝐴𝐴𝐴𝐴𝑅𝑅𝐷𝐷𝐵𝐵𝐵𝐵                                  (4) 
From which, (10𝑅𝑅𝐷𝐷𝐴𝐴𝐴𝐴 = 𝑅𝑅𝐷𝐷𝐴𝐴𝐴𝐴 +
𝑇𝑇𝑈𝑈𝐴𝐴𝐴𝐴𝑅𝑅𝐷𝐷𝐵𝐵𝐵𝐵  [𝐼𝐼 − 𝑅𝑅𝑈𝑈𝐴𝐴𝐴𝐴𝑅𝑅𝐷𝐷𝐵𝐵𝐵𝐵]−1𝑇𝑇𝐷𝐷𝐴𝐴𝐴𝐴) becomes: 
𝑅𝑅𝐷𝐷𝐴𝐴𝐴𝐴 = 𝑅𝑅𝐷𝐷𝐴𝐴𝐴𝐴 + 𝑇𝑇𝑈𝑈𝐴𝐴𝐴𝐴𝑅𝑅𝐷𝐷𝐵𝐵𝐵𝐵𝑇𝑇𝐷𝐷𝐴𝐴𝐴𝐴 +
𝑇𝑇𝑈𝑈𝐴𝐴𝐴𝐴𝑅𝑅𝐷𝐷𝐵𝐵𝐵𝐵𝑅𝑅𝑈𝑈𝐴𝐴𝐴𝐴𝑅𝑅𝐷𝐷𝐵𝐵𝐵𝐵  𝑇𝑇𝐷𝐷𝐴𝐴𝐴𝐴 + ⋯                    (5) 
The sequence in Eq. (5) is illustrated 
schematically in Figure 1 where we have 
envisaged some incident downward trav-
elling wave at zA giving rise to both re-
flection and transmission terms. The 
physical content of each of the terms in 
Eq. (5) can be found by reading it from 
right to left. 
     For the reflection series, 𝑅𝑅𝐷𝐷𝐴𝐴𝐴𝐴 is just 
the reflection matrix for the region ‘AB’ 
in isolation. The second term 
𝑇𝑇𝑈𝑈𝐴𝐴𝐴𝐴𝑅𝑅𝐷𝐷𝐵𝐵𝐵𝐵𝑇𝑇𝐷𝐷𝐴𝐴𝐴𝐴 represents waves which 

have been transmitted through the upper 
region and then been reflected by the re-
gion ‘BC’ and finally, transmitted back 
through the upper zone. In 
𝑇𝑇𝑈𝑈𝐴𝐴𝐴𝐴𝑅𝑅𝐷𝐷𝐵𝐵𝐵𝐵𝑅𝑅𝑈𝑈𝐴𝐴𝐴𝐴𝑅𝑅𝐷𝐷𝐵𝐵𝐵𝐵  𝑇𝑇𝐷𝐷𝐴𝐴𝐴𝐴, we have the same 
set of interactions as in the previous term 
but in addition, we include waves reflect-
ed down from the upper region to zB and 
then reflected back from the region ‘BC’ 
before passage to zA. The higher terms in 
the series include further internal interac-
tions between the zones ‘AB’ and ‘BC’. 
     The generic geometry of the problem 
is shown in Figure 2. The structure con-
sists of a water layer of depth h and uni-
form sound velocity α0. The reflection 
zone begins at the ocean bottom and in-
cludes all deeper structures. We consider 
a receiver at a depth z from the surface 
and a horizontal distance r from an ex-
plosive source with a displacement poten-
tial time function s(t). The displacement 
potential is calculated using the Fourier 
transform, with variables including the 
reflection coefficient at the ocean bottom, 
horizontal and vertical wavenumbers, and 
a reflectivity function that could account 
for multiple reflections and wave inter-
conversions. The vertical displacement is 
derived from the displacement potential 
by taking the derivative with respect to 
depth. A substitution is made to express 
the equation in terms of slowness, leading  

 

 
Figure 1. Schematic representation of the first few terms in the reflectivity series calculation (Kennett, 2009). 

For the calculation of the displacement potentials due to a single source, we rely on the derivation of Fryer (1980). 
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Figure 2. The response of a layered half-space (the reflection zone) to a point source at the surface of an overlying wa-

ter layer is to be synthesized. Direct and surface reflected phases are ignored (Fryer, 1980). 
 

to the slowness integral. The horizontal 
slowness and vertical slowness are de-
fined, and the time function is obtained as 
the inverse Fourier transform of the 
slowness integral. 
     In the original reflectivity method, the 
slowness integral is evaluated numerical-
ly for each frequency at a desired range r. 
This results in a frequency series which is 
inverse Fourier transformed to give a 
time series which when convolved with 
an appropriate source function yields the 
desired synthetic traces. Therefore, the 
calculation of the synthetic traces in the 
time domains requires: 
1. Calculation of the total reflection coef-
ficient for the reflection zone; 
2. Calculation of the inverse Hankel 
transform; 
3. Calculation of the inverse Fourier 
transform. 
Assuming non-dissipative media, the ve-
locities are not dependent on frequency 
meaning that the reflectivities which are 
functions of velocity are also independent 
of frequency and can be calculated once 
for each value of slowness. If the order of 
the two transforms is interchanged, in-
termediate results are time series for par-
ticular values of slowness. This is par-
ticularly of interest because the slowness 
can then be transformed to the angle of 
incidence 𝜃𝜃 using the equation 𝜃𝜃 =
sin−1(𝑝𝑝𝛼𝛼0). In other words, if the FWI 

calculations are done in the angle domain 
(i.e., the data are transformed into angle 
domain using a slant-stack), the calcula-
tion of the inverse Hankel transform as 
well as its corresponding Bessel functions 
are not needed. As a result, the forward 
problem simplifies to the following equa-
tion (Fryer, 1980): 
𝑤𝑤(𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = − 1

2𝜋𝜋
 𝑠𝑠(𝑡𝑡) ∗

∫ 𝑅𝑅𝑝𝑝𝑝𝑝(𝜔𝜔,𝜃𝜃)𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗𝑑𝑑𝑑𝑑+∞
−∞                          (6) 

where ∗ indicates convolution in the time 
domain. 
 
4    Stochastic inversion (PSOES) 
A stochastic non-linear geophysical in-
version can be described as the process of 
finding the global solution, that is, the 
solution that has outperformed the others 
in terms of minimization of the cost func-
tion. These methods offer simplicity in 
constructing a cost function that best suits 
the needs of the problem. A general cost 
function can be defined as (Jamasb et al., 
2021): 
𝜑𝜑(𝒎𝒎) =  ∑ 𝑤𝑤𝑖𝑖�𝑑𝑑𝑖𝑖𝑜𝑜𝑜𝑜𝑜𝑜 − 𝑑𝑑𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐�

𝑝𝑝
+𝑁𝑁

𝑖𝑖=1
𝜇𝜇𝜇𝜇(𝒎𝒎) + ∑ (𝜆𝜆𝑗𝑗�𝑚𝑚𝑗𝑗 − 𝑚𝑚𝑗𝑗

𝑎𝑎𝑎𝑎𝑎𝑎�)𝑀𝑀
𝑗𝑗=1           (7) 

where the first term on the right-hand 
side of Eq. (7) is the data misfit in which 
𝑤𝑤𝑖𝑖 is an element-wise data weight (e.g., 
data uncertainty), 𝑁𝑁 is the total number of 
the observed data and p indicates the 
norm of the misfit calculation. m is the 
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vector of model parameters, 𝑑𝑑𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐 =
𝑓𝑓(𝒎𝒎) is the calculated data and 𝑆𝑆(𝒎𝒎) is a 
stabilizing operator. The last term is for 
explicit a priori information, in which λj 
is nonzero for points where explicit a pri-
ori information mapr is used. 
    Global stochastic optimization algo-
rithms carry out their search by means of 
two different approaches that are based 
on the concepts of exploration and ex-
ploitation of the search space. The former 
is concerned with finding the neighbor-
hood of the global minimum/maximum 
while the latter tries to improve the ap-
proximation of the global solution within 
that neighborhood towards the true global 
minimum. The optimization process is 
performed iteratively by simultaneously 
probing several independent potential so-
lutions at each iteration. The cost func-
tion is calculated for each potential solu-
tion to assess its fitness. The required 
computational resources for a successful-
ly converging inversion thus directly de-
pend on the calculation of the forward 
problem which has to be calculated at 
least a total of 𝑵𝑵𝒑𝒑𝒑𝒑𝒑𝒑 × 𝑵𝑵𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊 times during 
the inversion. However, difficulty arises 
in setting the aforementioned parameters 
since they are problem-related. Complex-
ity as well as non-linearity of the cost 
function and the number of model param-
eters (i.e., the dimension of model space) 
have the strongest influence on setting the 
values of 𝑵𝑵𝒑𝒑𝒑𝒑𝒑𝒑 and 𝑵𝑵𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊. 
    Setting optimum numbers of iterations 
and initial solutions assures that the glob-
al solution is selected only after the 
search space has been efficiently probed 
in its entirety, and also the approximated 
global solution is in fact as close as it can 
be to the true global minimum of the cost 
function. A general workflow for a sto-
chastic inversion includes: 
• Defining the cost function;  
• Defining the model space in terms of its 
dimensions and upper and lower bounds 
in which the search will take place; 
• Performing the search. 

where the inversion is usually repeated 
for several sets of pre-set parameters to 
measure the variability of the stochastic 
inversion algorithm due to the random 
initial solution and random paths taken in 
the search-space throughout the search. In 
addition to the aforementioned parame-
ters, each stochastic algorithm has a set of 
native parameters which control its per-
formance in terms of creating a balance 
between exploration and exploitation 
stages of the search. In this work, the in-
version is carried out using a stochastic 
global optimization algorithm called 
PSOES (Jamasb et al., 2019), a hybrid of 
Particle Swarm Optimization (PSO) and 
Evolution Strategy (ES) which solves 
single-objective real-valued continuous 
optimization problems.  
    The PSOES is the product of hybridi-
zation of PSO and ES. It has been shown 
in the literature that introducing a discrete 
behavior into the PSO algorithm results 
in superior performance of the algorithm 
in terms of how much computational time 
per model parameter is required for a 
successful run. The details of the stochas-
tic algorithm used can be found in 
Jamasb et al. (2019) and Jamasb et al. 
(2021).  
 
5    Numerical implementation of the 
forward problem 
The stochastic inversion is an iterative 
process. In each iteration, the algorithm 
performs a set of forward calculations 
from a set of randomly generated candi-
date solutions and selects the best ones to 
lead the search for the next iteration. Both 
the number of random candidate solu-
tions, 𝑵𝑵𝒑𝒑𝒑𝒑𝒑𝒑, and maximum number of 
iterations, 𝑵𝑵𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊, are user-given parame-
ters. Other than the forward, the rest of 
the algorithm components are basic 
mathematical calculations which are in-
herently simple, and thus fast. As a result, 
the forward algorithm is the main decid-
ing factor in the run-time of the FWI as 
the time required for intermediary calcu-
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lations is essentially negligible. The run 
time of a single FWI (i.e., TFWI) is mostly 
dependent on the time that the forward 
problem takes 
(TFWI = 𝑵𝑵𝒑𝒑𝒑𝒑𝒑𝒑×𝑵𝑵𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊×Tforward). It should 
be noted that while the inversion time is 
linearly dependent on the forward time, 
the latter itself varies non-linearly by ad-
dition of layers. There is also an overhead 

time required for I/O handling. Based on 
synthetic tests, for a model with 250 lay-
ers (i.e., 3×250=750 unknowns) at least 
25000 forward calculations are required 
(e.g., 𝑵𝑵𝒑𝒑𝒑𝒑𝒑𝒑=100 and 𝑵𝑵𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊=250) to 
achieve a meaningful solution. Thus, the 
run-time of the forward calculation is the 
most important factor in the successful 
implementation of the FWI.  

 
Table 1. PSOES algorithm (Jamasb et al., 2019). 

Set the population size (Npop) and maximum iterations (Niter) 
Set the mutation pressure (p) and mutation constant c 
Set the boundaries of the search-space 
Randomly initialize particle positions within the bounds of search space 
Evaluate fitness values for the population using the cost function 
Update global best position* (gbest) 
Set the initial positions as the vector of personal best positions 
Loop over iterations (1→Niter) 
⸰ Loop over particles (1→Npop) 
⸰ ⸰ Update the velocities  
⸰ ⸰ Update the positions  
⸰ ⸰ Evaluate the fitness of particles 
⸰ ⸰ Draw a random number r 
⸰ ⸰ if r<p (mutation pressure) 
⸰ ⸰ ⸰ Mutate the positions 
⸰ ⸰ ⸰ Evaluate the fitness and select the fittest solution 
⸰ ⸰ Update the personal bests 
⸰ ⸰ Update the global bests 
⸰ End loop over particles 
End loop over iterations 
 

 

*The output of the inversion algorithm (Global Best Solution, gbest) 
 

    There are three loops in the calculation 
of 𝑅𝑅𝑝𝑝𝑝𝑝(𝜔𝜔,𝑝𝑝), outermost loops of p, mid-
dle loops of layer n, and innermost loops 
of ω. Generally, slowness is fixed at each 
outermost loop, and the angle of inci-
dence changes over each layer, i.e., 𝜃𝜃𝑛𝑛 =
arcsin(𝛼𝛼𝑛𝑛𝑝𝑝). But we set the angle of in-
cidence to be fixed at each outermost 
loop; thus, slowness changes over each 
layer. Therefore, 𝑅𝑅𝑝𝑝𝑝𝑝(𝜔𝜔, 𝑝𝑝) is resampled 
as 𝑅𝑅𝑝𝑝𝑝𝑝(𝜔𝜔,𝜃𝜃), and the outcome is actually 
an angle gather. Additionally, we re-
moved the loop on frequency through a 
vectorization scheme which allows for 
parallel calculation of all frequencies at 
once. Our algorithms follow the algo-
rithms from Müller (1985) for the calcu-
lation of 𝑅𝑅𝑝𝑝𝑝𝑝. We also considered the 
works by Mallick (1999), Fryer (1980) 
and Kennett (2009) for optimizing the 

computer implementation of our algo-
rithm. 
    In order to avoid time aliasing, the 
frequency integrand in the forward 
algorithm𝜑𝜑(𝒎𝒎) =   𝑖𝑖 = 1﷩𝑁𝑁﷩𝑤𝑤𝑖𝑖�𝑑𝑑𝑖𝑖𝑜𝑜𝑜𝑜𝑜𝑜 −
𝑑𝑑𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐�

𝑝𝑝
+ 𝜇𝜇𝜇𝜇(𝒎𝒎) +   𝑗𝑗 = 1﷩𝑀𝑀﷩(𝜆𝜆𝑗𝑗𝑚𝑚𝑗𝑗 −

𝑚𝑚𝑗𝑗
𝑎𝑎𝑎𝑎𝑎𝑎﷧)﷧﷧  must be adequately sampled 

in 𝜔𝜔. To prevent aliasing without 
increasing the computational burden, the 
concept of complex frequencies (Mallick 
and Frazer, 1987) is used which allows 
attenuating the energy that is wrapped 
around from times greater than T (the 
length of seismogram) by 𝑒𝑒−𝜏𝜏𝜏𝜏. Our 
reflectivity algorithm takes 𝜏𝜏 (tau) as 
input. The synthetic tests as well as real 
tests showed that a range of 10 to 200 is 
optimum for setting tau. Setting tau is 
especially important when the given 
length for the synthetic trace is smaller 



102                                                                     Jamasb and Motavalli Iranian Journal of Geophysics, Vol 18 NO 6, 2025 

than the true earth response. The effect of tau is demonstrated in Figure 3.  
 

 
                                                   (a)                                                                                        (b)  
 
Figure 3. The use of complex frequencies. (a) tau=15. (b) tau=100. 
The developed forward algorithm is capable to generate synthetic seismograms with or without NMO correction through 
a change in the phase matrix. It is also capable to generate full seismic response or partial response in terms of converted 
waves and multiples. These variations are shown in Figure 5 to 7 for the model presented in Figure 4.  
 
 
 

 
Figure 4. The synthetic model.  



A fast implementation of stochastic 1D elastic seismic full-waveform inversion                                                              103 

 
Figure 5. Results of the forward algorithm: NMO-Corrected primaries. 

 
Figure 6. Results of the forward algorithm: Primaries. 

 
Figure 7. Results of the forward algorithm: Full seismic response. 
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Figure 8. The FWI workflow. The items in green refer to input data reading. The orange items require user–sets param-
eters. 

 
Table 2. Synthetic inversion parameters. 

Name Value 

Frequency Range 
Layer Thickness 
Number of Layers 
Total time 
Dt 
NMO correction 
Angle range 

[0-80] Hz 
60 m 
37 
3 s (df=0.4 Hz) 
0.002 s 
True 
[2-30] 

 
 

6    Numerical tests on inversion 
The overall workflow for the FWI is de-
picted in Fig. 8. 
   The Mobil-Well logs were used as the 
model acquired from SEG website as a 
standard dataset for seismic inversion 
tests which come from the North Viking 
Graben in the North Sea. Mobil-Well log 
data were down-sampled and used for 
making the synthetic model via the 
forward algorithm. The forward and 
inverse parameters are given in  
Table 2.  
   The results of the inversion using the 
full seismic wavefield (including multi-
ples and non-NMO corrected) are pre-
sented in Figure 9. Using the full seismic 
wavefield has allowed the algorithm to 
fully recover the synthetic model. The 
data fits are shown in Figure 10.  
 

7    Discussion on numerical tests 
An important practicality in using the 
FWI is the available data. In this work, 
we focused on a marine situation where 
the 1D assumption is more reasonable 
than in onshore. In theory, the best ap-
proach is to use non-NMO corrected in-
put seismic data with multiples which 
allows the inversion to better constrain 
the sharp changes as well as long-
wavelength structures. In case that the 
data are NMO-corrected and without 
multiples, the performance of the algo-
rithm drops. In the following, an inver-
sion test on only primary waves without 
multiples is presented (Figure 11 and 12). 
While the inversion has been successful 
in recovering the low velocity zone at the 
depth of 2 km, the quality of the fit be-
tween the true model and the recovered  
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Figure 9. Results of the test inversion - Recovered model. 

 
Figure 10. The final data fit for the recovered model of Figure 9. 

 
one is not as high as in the previous case. 
The main difference between the two in-
versions is the seismic response used. In 
the previous inversion, the full seismic 

response including multiples and con-
verted waves was given as input to the 
inversion. While usually multiples are 
considered as liability, which could result 
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in false interpretation, for the inversion 
they provide valuable added information 
which can be used to better constrain the 

model. Also, the converted waves are ex-
cellent for the recovery of sharp struc-
tures and also the shear wave structure.  

 

 
Figure 11. The result of NMO-corrected primary reflections without multiples. The recovered low-velocity zones are 
shown by black arrows. 

 
Figure 12. A sample of data fit for the results in Figure 11. 

Additionally, there are arguments in the 
literature [e.g., Mallick (1999)] for using 
non-NMO corrected data because they 
can provide valuable long-wavelength 
information for the inversion. Lastly, the 
tests showed that using primary reflec-
tions as input data is more effective in 
recovering the compressional velocity 
and density than the shear velocity.  
    Another important issue is the vertical 

resolution of the model. In order to be 
able to fit high frequency content of the 
data, the layer thicknesses should be ac-
cordingly small. However, that would 
complicate the inversion in two different 
ways. First, because the forward algo-
rithm has a loop over the number of lay-
ers, a too small layer thickness means 
greater calculation time for each forward. 
Secondly, and arguably more important-
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ly, increasing the number of layers means 
increasing the number of unknowns that 
the inversion has to recover. It is well 
known that the number of solution candi-
dates in any stochastic inversion algo-
rithm directly depends on the size of 
model space [i.e., 3×number of layers, 
e.g., Jamasb et al. (2019)]. This means 
that by decreasing the layer thickness, the 
inversion is forced to calculate more for-
ward algorithms in each iteration which 
itself is more time costly. As a result, the 
relationship between the vertical resolu-
tion and the calculation burden is not lin-
ear, meaning that decreasing the layer 
thickness by a factor of 2 (half the origi-
nal thickness) does not necessarily mean 
twice the calculation.  
    An important subject in an inversion is 
the uncertainty of the model. In principle, 
since stochastic inversion algorithms 
work with random numbers, several runs 
of the algorithm could and usually do re-
sult in slightly different solutions. There-
fore, a first order uncertainty analysis is 
possible simply by repeating the inver-
sion. With each solution considered as a 
random variable, any statistical criterion 
(e.g., standard deviation) could be used to 
measure the uncertainty of the solution 
(Jamasb et al., 2021). However, setting 
the number of required repeated inver-
sions is not actually straightforward. In 
practice, the number of repeated inver-
sions must be large enough so that distri-
bution of the random solutions at each 
calculation point becomes stationary. 
 
8    Conclusion 
We presented the conceptual framework 
as well as numerical tests on a 1D seismic 
full-waveform inversion (FWI) algo-
rithm. FWI is a powerful imaging tool, 
capable of generating subsurface models 
that depict seismic velocities and density 
at a fine resolution. It is particularly valu-
able for near-surface applications, where 
depth penetration ranges from tens to 
hundreds of meters, as it does not require 

the separation of different seismic phases 
such as direct waves, reflections, and sur-
face waves. Furthermore, FWI can be uti-
lized to obtain high-resolution multi-
parameter images. The forward problem 
is based on the reflectivity method, a 
semi-analytical method to solve the wave 
equation which is capable of generating 
the full seismic field. For the inversion, 
we used the PSOES algorithm, a global 
search method developed for non-linear 
geophysical inversions. We tested our 
method by using both the full seismic 
wavefield and also on only primary re-
flections. Overall, using only NMO-
corrected primary reflections as input as 
opposed to the full seismic response of 
the Earth results in a relatively fast inver-
sion since the latter takes more time to 
calculate, and the input preparation is al-
so not costly. However, the downfall is 
the loss of sharp structures in the recov-
ered model and also less constraining of 
the shear velocity structure.  
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