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Abstract 
In general, a quantitative analysis of ground-penetrating radar (GPR) data provides insights into the 
depth of sources and underlying geological features. This study compares the depth information 
obtained from GPR waves using diverse approaches to detect underground cavities. The processing 
techniques, including conventional processing (Kirchhoff migration), time reversal (TR) imaging, 
and the application of continuous wavelet transform (CWT) in TR imaging, known as compensated 
time reversal (CTR), are evaluated in comparison to commercial software. The predicted depths 
from TR and CTR align closely with drilling results, while traditional processing and Kirchhoff 
migration occasionally fall short in identifying distinct targets. Subsequently, we focused on typical 
subsurface cavities in urban areas, known as Kariz (ancient aqueducts), situated at three locations 
in Kashan, Iran, encompassing two active (water-carrying) and one dried Kariz. The TR and CTR 
results demonstrate the applicability of both techniques for additional applications, showcasing 
their effectiveness in estimating the depth of Kariz galleries using GPR signals. 
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1    Introduction 
In contemporary times, geophysical 
methods have proven instrumental in 
identifying a plethora of abandoned mine 
tunnels and underground cavities. These 
techniques play a crucial role in 
monitoring sub-surface features and 
addressing environmental concerns, with 
ground-penetrating radar (GPR) standing 
out as one of the quickest and most 
accessible technologies (Ebrahimi et al., 
2012, 2017; Baawain et al., 2018). 
Ancient aqueducts, such as the widely 
investigated Kariz, serve as illustrative 
examples in cavity detection across 
various regions. The term "Kariz" which 
holds significance for the Middle East 
and West Asia, represents a hydraulic 
system known by diverse names across 

approximately 35 countries (English, 
1968; Golbot, 1979; Moosavi, 2006; 
Mahmoudi et al., 2017; Ebrahimi et al., 
2021). Fig. 1 presents a conceptual model 
of a Kariz system extensively employed 
in existing networks. This network 
comprises vertical monitoring wells or 
shafts intersecting a lengthy horizontal 
gallery, extending from an aquifer to the 
outlet. Kariz systems contribute to 
enhancing water accessibility for 
agricultural and urban purposes, 
particularly in arid regions. Historical 
records suggest that the Persians 
pioneered Kariz technology in ancient 
Iran during the first millennium BC, with 
its gradually spreading influence 
westward and eastward (English, 1968; 
Golbot, 1979; Miller, et al., 2009).  

 

 
Figure 1. A typical Kariz network structure (based on Ebrahimi et al., 2021). 

 
 
    In Kariz investigations, both 
qualitative and quantitative techniques, 
such as geoengineering, hydrology, 
geographic information systems (GIS), 
and geophysics play pivotal roles 
(Benjelloun et al., 2018; Ebrahimi et al., 
2021). Geophysical approaches are 
renowned for their speed and reliability in 
data acquisition, particularly in 
uncovering hidden galleries (Cardarelli et 
al., 2010; Ebrahimi et al., 2019). 
Techniques like gravity and electrical 
resistivity prove effective in detecting 
Kariz channels and exploring subsurface 

galleries (Hajian et al., 2011; Ebrahimi et 
al., 2019). 
Geoscientific investigations may 
encounter constraints from a geological 
standpoint, particularly in cases where the 
water source is from a relatively shallow 
unconfined aquifer, and the surrounding 
material comprises clay, high alluvium, 
or colluvial deposits. Electromagnetic 
(EM)-based techniques in such scenarios 
experience greater damping phenomena, 
leading to decreased resolution 
(Cardarelli et al., 2006; Brinon and 
Kessouri, 2009). The application of an 
integrated method or multi-dimensional 
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processing can help overcome or, at the 
very least, restrict such constraints. 
Ground-penetrating radar (GPR) 
complements these methods by assisting 
in pinpointing the location, approximate 
diameter, and soil saturation coefficient 
of the surrounding medium of the 
galleries (Hajian et al., 2011; Ghanbari 
and Hafizi, 2013, 2016; Ebrahimi et al., 
2017; Ebrahimi et al., 2019; Dawrea et 
al., 2021; Kotb et al., 2021; Tao et al., 
2022). 
    GPR, a commonly employed technique 
in near-surface engineering projects 
(Ortega et al., 2010; Ebrahimi et al., 
2012; Ghanbari and Hafizi, 2013; Leucci 
et al., 2016; Blanco et al., 2021), has been 
the subject of numerous case studies 
focusing on dry or active Kariz networks, 
considering both field and technological 
concerns (Rousset et al., 2009; Tosti and 
Slob, 2015; Glaser et al., 2021). The 
choice of antenna, including the 
consideration of lower center frequencies 
for increased depth and potential trade-
offs in resolution, is critical and demands 
careful assessment by engineers before 
conducting surveys (De Benedetto et al., 
2015; Ali et al., 2021; Ganther, 2021; 
Thomas and Roy, 2021). 
    GPR signal processing requires 
meticulous attention due to factors like 
ground clutter, ground losses, and 
geological inhomogeneity contributing to 
unclear target responses. Several GPR 
processing techniques, including 
traditional settings like bandpass filters, 
background removal, gain functions, and 
migration techniques can enhance the 
resolution of radargrams (Di Prinzio et 
al., 2010; Mirhosseini et al., 2015; Santos 
and Teixeira, 2017; Ebrahimi et al., 2017; 
Dos Santos et al., 2018; Lau et al., 2021; 
Zhang et al., 2021; Liu et al., 2021). 
Continuous improvements in processes, 
moving beyond conventional GPR signal 
processing, contribute to enhanced 
resolution and precision in GPR sections 

through the application of sophisticated 
techniques. 
    Engineers commonly employ 
conventional processing for industrial 
applications. Commercial software 
provides straightforward techniques for 
reducing unwanted characteristics or 
noise, including bandpass filtering, 
moving averages, and gain functions 
(Park and Kim, 2020). 
     Time Reversal (TR) imaging (Baysal 
et al., 1983; Prada et al., 1991) is another 
effective technique that focuses on 
received signals reversed based on time. 
The location of the original source is 
enlarged in this direction since the wave 
equation in TR forms is a 
backpropagating wave (Lerosey et al., 
2005). Because wave equations in 
lossless media are invariant, the TR 
technique can spatiotemporally refocus 
back-propagated signals in a particular 
ultrawideband imaging scenario 
(Abduljabbar et al., 2017). For a cavity or 
a Kariz gallery bordered by clay and silty 
material, as a secondary source, the TR 
principle can be utilized to determine its 
uncertain position (Carminati et al., 2007; 
Gu et al., 2015; Panagiotopoulos and 
Stavroulakis, 2021). Several case studies 
have investigated the application of TR to 
GPR signal processing, yielding 
encouraging results (Santos and Teixeira, 
2017; Dos Santos et al., 2018; Bicudo et 
al., 2020).  
    In a lossy medium, such as that around 
a Kariz gallery, the presence of 
dispersion and loss breaks the invariance 
of wave equations, resulting in the 
attenuation of signals produced after TR 
application. In this scenario, 
compensating for such effects requires 
the use of an inverse filter. A method for 
microwave propagation using the 
Continuous Wavelet Transform (CWT) 
approach, which incorporates both time 
and frequency variations, was proposed 
by Ammar et al. (2017). 
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CWT employed here (Poisson et al., 
1999) is a discrete transform of a signal 
that allows for noise reduction, data 
compression, and peak detection, all of 
which are useful in GPR signal 
processing (Gutierrez et al., 2019; Kumar 
et al., 2020). As a similar approach, a 
comparative study based on CTR and TR 
imaging has been researched for GPR 
signals (Ghanbari et al., 2024). The 
significance of CTR has been explored in 
the literature (Yavuz and Teixeira, 2006; 
Yavuz et al., 2014; Abduljabbar et al., 
2017; Ghanbari et al., 2022), yet it takes 
longer to finish a processing task than TR 
(see Appendix A).  
    In this research, our focus centers on 
the exploration of four distinct processing 
algorithms applied to GPR radargrams 
acquired within Kariz networks spanning 
three distinct locations in Kashan, Iran. 
While conventional processing stands as 
a widely employed methodology in near-
surface applications, including 
commercial software, our exploration 
delves into the nuanced benefits and 
drawbacks associated with diverse 
migration methods such as Time Reversal 
and its compensated type. 
    Our distinctive contribution lies in the 
meticulous comparison of results 
stemming from various antennas, 
affording us a pragmatic understanding of 
the most efficient frequency within the 
250 to 500 MHz range. By doing so, we 
aim to provide a novel perspective on the 
optimization of GPR techniques for 
subsurface investigations, elucidating 
both the strengths and limitations of 
established and emerging methodologies. 
 
2    Methodology 
The GPR process is fundamentally 
grounded in the theoretical framework of 
electromagnetic wave reflection and 
diffraction phenomena from subsurface 
layers and anomalies. In this process, a 
transmitter emits a signal into the earth, 

and upon encountering a subsurface 
anomaly, the signal undergoes reflection 
or diffraction and ultimately, is redirected 
toward the receiver. This methodology is 
applicable to the analysis of both active 
Kariz networks (those carrying water 
downstream) and dry Kariz networks 
(Jol, 2008; Dawrea et al., 2021). 
    To provide a visual representation of 
this process, Fig. 2 illustrates a 
generalized view of EM waves 
propagating through a material within the 
Kariz gallery, with the GPR profile 
oriented perpendicular to the wave 
propagation. Notably, the darker 
hyperbolic event in Fig. 2b signifies an 
enhanced contrast in electromagnetic 
properties (reflected coefficient) 
compared to Fig. 2a. This distinction 
serves as a key indicator of subsurface 
anomalies, emphasizing the sensitivity of 
GPR in detecting variations in EM 
properties within Kariz networks. The 
amplitudes and reflection coefficients of 
electromagnetic (EM) waves in the 
boundaries of diverse media, including 
Kariz galleries, indicate that cavities 
containing water exhibit higher resolution 
than their dry counterparts (Neal, 2004). 
To expound on the following processing 
methods, it is essential to grasp the 
underlying principles of the Time 
Reversal (TR) method. TR involves a 
sequence of four steps: (1) transceivers 
emit a pulse signal; (2) this emitted signal 
traverses the predominant medium and 
subsequently encounters reflections from 
various targets; (3) transceivers collect 
the reflected signals; (4) the received 
signals undergo a reversal in time and are 
reintroduced into the medium. Back-
propagation can be achieved either 
physically, using transceivers, or 
synthetically, employing a forward 
simulation engine like the finite-
difference time-domain (FDTD) method 
(Santos and Texeira, 2017).  
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Figure 2. Schematic representation of the GPR approach applied in the field for (a) a dried and (b) an active Kariz. The 
arrows indicate the direction of a typical traversal, while the darker circular arrow atop the gallery denotes a sharper and 
clearer response of electromagnetic (EM) waves when encountering an active Kariz, as illustrated in part (b), in contrast 
to a dried one. 
 
In the presence of a dispersive and lossy 
medium, acting as a low-pass filter, the 
invariance of wave equations is disrupted, 
leading to signal attenuation. 
Consequently, inverse filters become 
necessary for compensation. During 
forward signal propagation, the real part 
of the dielectric permittivity (ɛ) of the 
medium induces a phase shift in the 
traveling waves. The TR concept dictates 
that the back-propagated signal is phase-
conjugated coherently across all 
bandwidths, inherently correcting the 
phase shift (Yavuz and Texeira, 2009; 
Abduljabbar et al., 2017; Ghanbari et al., 
2022). However, the imaginary part of 
the dielectric permittivity introduces 
inevitable signal attenuation, contingent 
on signal frequency and the duration of 
signal propagation in a dispersive 
medium. 

To address the challenge of attenuation, 
Abduljabbar et al. (2017) proposed a 
method utilizing the CWT technique, 
which incorporates both time and 
frequency variations for microwave 
propagation.  
 
3    Descriptions and data acquisition 
GPR data were collected at three distinct 
sites in Kashan, Iran, where the typical 
depth of Kariz galleries ranged from 1 to 
2 meters near the Kariz outlet. The main 
objective at location 1 was to precisely 
locate an active underground Kariz using 
a 500 MHz central frequency antenna. In 
contrast, locations 2 and 3, employing a 
250 MHz antenna, were dedicated to 
identifying galleries of both an active and 
a dried Kariz. 
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                                 (a)                                                              (b)                                                                (c) 

 
                                                                                               (d) 
Figure 3. (a) Kariz outlet at location 1 showcasing the GPR setup featuring the 500 MHz central frequency antenna. (b) 
Data acquisition at location 3. (c) Drilling trench revealing the identified gallery at location 3. The yellow circle 
highlights the gallery, which has become dry and filled due to drilling. It displays traces of prior water flow over time. (d) 
Geographical locations of the investigated sites. 

 
                             (a)                                                             (b)                                                           (c) 

Figure 4. Raw radargrams related to (a) location 1, (b) location 2, (c) location 3. 
 
    Fieldwork samples from the survey at 
location 2 are depicted in Fig. 3a, while 
Figs. 3b and 3c showcase a dried Kariz 
after drilling in location 2 and the 
positioning of Kariz 3, respectively. 
Furthermore, Fig. 4 presents the 
radargrams acquired at each location.         
 
4    Data processing and interpretation 
An essential step in GPR data processing, 
known as velocity analysis, focuses on 
determining the electromagnetic (EM) 
wave velocity within a specific medium, 

particularly one divided into layers. The 
outcome significantly influences 
subsequent stacking and migration 
procedures. The GPR wave velocity (V) 
is determined by the relative dielectric 
permittivity (εr) and the EM wave 
velocity in a vacuum (C = 0.3 m/ns) 
(Ulaby, 2010): 
V = c

√εr
                                                  (1) 

According to laboratory measurements, 
the relative permeability values for active 
and dried aqueducts were determined as 9 
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and 14, respectively. Consequently, the 
velocity for an active Kariz medium is 
assessed as V = 0.1 m/ns, while for a 
dried Kariz, it is determined as 
V = 0.08 m/ns. 
    All GPR radargrams underwent pre-
processing using the following 
procedures (Fig. 4): time-zero shifts; low-
frequency elimination or DC filtering 
(dewow); muting traces with improper 
amplitudes. The software processes in 
this study were conducted using Reflex 
Project and MATLAB software, with the 
utilized GPR device being a MALA. 
     After completing the outlined 
processes, the data is now prepared for 
advanced processing. To examine how 
the anticipated features manifest on the 
sections, four different procedures were 
applied separately to each pre-processed 
radargram (locations 1 and 2). Initially, 
the data underwent standard processing, 
involving band-pass filtering, average 
removal, and a gain function. Band-pass 
filtering was tailored based on the 

frequency range of the antenna, with 
lower and upper bounds of half its center 
frequency and half its frequency, 
respectively. Alternatively, it could have 
lower and upper bounds of twice its 
center frequency and four times its center 
frequency. Subsequently, to provide a 
more precise depiction of the below-
ground layers, Kirchhoff migration was 
tested. 
    The third processing technique 
involved the application of a TR imaging 
technique, which helps mitigate signal 
losses caused by humidity and conductive 
rocks in the gallery. As the fourth 
approach, CTR was applied to the 
sections. CTR was found to be an 
effective method for enhancing the 
resolution of attenuated signals caused by 
a TR filter by incorporating a CWT into it 
(Abduljabbar et al., 2017). Figs. 5, 6, and 
7 depict the application of the four 
processing methods described above to 
GPR data acquired at locations 1 and 2. 

(a) (b) 

(c) (d) 
  

Figure 5. Radargrams from location 1 processed using (a) traditional processing (b) Kirchhoff migration (c) TR imaging 
(d) CTR. The dashed circles denote localized concentration points within the domain, identified by the Kariz gallery. 
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(a) 

 
(b) 

 
(c) 

 
(d) 

 
Figure 6. Radargrams from location 2 processed using (a) traditional processing (b) Kirchhoff migration (c) TR imaging 
(d) CTR. The dashed circle highlights localized concentration regions within the domain, associated with the presence of 
a Kariz gallery. 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 7. Radargrams from location 3 processed using (a) traditional processing (b) Kirchhoff migration (c) TR imaging 
(d) CTR. The dashed circles highlight the localized focusing zones within the domain, constituting the interpreted 
anomaly of a Kariz gallery. 



Application of the ground penetrating radar for detecting the subsurface cavities-a case study …                                   87 

   The results from location 1 (Fig. 5) 
provide a comprehensive depiction of 
near-surface layers through all processing 
approaches. However, traditional 
processing (Fig. 5a) fell short in 
presenting attributes corresponding to the 
presence of the gallery. Kirchhoff 
migration (Fig. 5b) successfully migrated 
the relocated hyperbolic events. TR 
imaging (Fig. 5c) demonstrated the upper 
section of the gallery marked by a 
dashed-circle, highlighting localized 
focusing zones, along with a clear 
representation of near-surface layers, akin 
to traditional processing. In contrast, 
CTR (Fig. 5d) identified an intense area 
around 6-7 m horizontal offset and an 
approximate depth of 1 m, indicated by a 
circle, representing the upper part of the 
gallery and near-surface layers up to 
0.6 m depth. It's noteworthy that high-
energy locations in other sections may 
suggest the presence of rocks or other 
anomalies. 
    For location 2, subjected to the same 
four processing techniques (Fig. 6), 
traditional processing (Fig. 6a) revealed 
detailed near-surface layers down to 1 m 
and a hyperbolic peak at a horizontal 
offset of 3-4 m and an approximate depth 
of 1.5 m, represented by a dashed-circle. 

Kirchhoff migration (Fig. 6b) helped 
identify larger amplitudes in the location 
of the gallery at a similar depth, but 
additional reverberations rendered the 
radargram noisy. TR imaging (Fig. 6c) 
exhibited clear near-surface layers, 
emphasizing internal water and the 
gallery with highly concentrated 
amplitudes at depths around 1.5 m, 
highlighted by a circle. The CTR 
approach (Fig. 6d) yielded outcomes 
similar to TR but with slightly higher 
resolution. 
    In interpreting radargrams of the dried 
Kariz at location 3 (Fig. 7), TR (Fig. 7c) 
and CTR (Fig. 7d) methods revealed the 
depth of the gallery (2 m) and the strata 
close to the surface (up to 1.5 m in 
depth). Kirchhoff migration (Fig. 7b) and 
standard processing (Fig. 7a) displayed 
the overburden layers. Detecting a buried 
dried Kariz is challenging due to the 
contrast between water in the gallery and 
the surrounding medium. It causes 
hyperbolic reactions in the radargrams 
and enhances the readability of the GPR 
section. Table 1 summarizes the findings 
from all processing methods, with εr 
values obtained through laboratory 
experimental measurements. 

 
Table 1. A comparison of estimated depths (in meters) to the top of the Kariz galleries determined by conventional, TR, 
Kirchhoff migration, and CTR processings, along with summaries of the processing methods. 
 

frequency status traverse 
length 

actual 
depth, 

by 
drilling 

mean 
value 
of εr 

mean 
value of 
velocity 
(m/ns) 

estimated 
depth by 

Conventional 
method 

estimated 
depth by 

TR 

estimated 
depth by  

Kirchhoff 
migration 

estimated 
depth by  

CTR 

500 MHz, 
location 1 active ~10 m 1 m 9 0.1 - ~1 m - ~1 m 

250 MHz, 
location 2 active ~7 m 1.5 m 9 0.1 ~1.5 m ~1.5 m ~1.5 m ~1.5 m 

250 MHz, 
location 3 dried ~4 m 2 m 14 0.08 - ~2 m - ~2 m 

 
In practice, it is evident that the 
application of a 250 MHz antenna takes 
precedence over a 500 MHz antenna for 
both dried and active Karizes, especially 
in galleries located at depths of 1 to 2 
meters. This conclusion is drawn from 

the obtained results, considering a field 
with geological characteristics similar to 
the current case studies, characterized by 
a medium composed of silt, clay, or 
porous rocks. Consequently, TR and CTR 
techniques are strongly recommended for 



88                                                                                Ghanbari et al.    Iranian Journal of Geophysics, Vol 18 NO 6, 2025 

processing GPR data from dry Kariz 
networks or data containing a significant 
amount of geological noise, even though 
standard processing remains adequate for 
an active Kariz. 
     To quantitatively compare the 
outcomes of CTR processing against 
traditional methods, the Signal to Noise 
Ratio (SNR) is employed. The SNR is 
theoretically calculated by dividing the 
measured source value by the noise. In 
this context, noise is determined as the 
value of the image at the accurate source 

site over the noise, being the greatest 
value of the picture outside of a zone 
around the genuine source position 
(Petromichelakis et al., 2018). Therefore, 
the SNR formula can be expressed as (Li 
et al., 2019): 
SNR~20log As

An
                                     (2) 

where As and An are the amplitude of the 
target reflection peak and the amplitude 
of the noise peak, respectively. Table 2 
displays the computed SNR for the 
relevant GPR signals. 

 
Table 2. Signal to Noise Ratio (SNR) analysis of traverses (locations 1, 2, and 3) utilizing Kirchhoff Migration (KM), 
Time Reversal (TR), Compensated Time Reversal (CTR), and Conventional Processing (CP). 

 
Site no. 

 
SNR values 

Quality increase ratio based on SNR radargram 
processed by conventional processing (CP) 

CP CP+KM TR CTR CP+KM TR CTR 

location 1 8 9 10 11 1.12 1.25 1.37 

location 2 9 10 11 12 1.11 1.22 1.33 

location 3 7 7 9 10 1 1.28 1.42 
 

 
5    Conclusion 
This study employed four distinct 
processing methodologies and utilized 
antennas with central frequencies of 
250 MHz and 500 MHz to explore the 
efficacy of GPR signal processing in 
detecting hidden galleries, specifically in 
two dried Kariz and one active Kariz. 
Traditional processing and Kirchhoff 
migration exhibited limitations, 
particularly in scenarios involving dried 
Kariz or data acquisition with a 500 MHz 
central frequency antenna. In contrast, 
time reversal processing (TR) and TR 
coupled with attenuation compensation 
(CTR) proved instrumental in enhancing 
radargram resolution. Both TR and CTR 
approaches demonstrated proficiency in 
distinguishing abnormalities within a 
lossy medium. While TR imaging 
accurately identified the gallery position, 
the CTR method offered superior 
characterization of subsurface gallery 
reflectors, albeit with a time-intensive 
processing duration. The findings were 
substantiated through seismic profiling 

and borehole drilling, underscoring the 
reliability of the geophysical operations 
conducted in this investigation. 
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Appendix 
Explanations about compensated time reversal theory (Abduljabbar et al., 2017): 
The Morlet wavelet (Morlet et al., 1982; Braga and Moraes, 2013) has been selected to 
analyze the propagating wave in attenuating and dispersive media according to the 
aforementioned methods. Torrence and Compo (1998) gave the following definition of a 
wavelet in a time domain: 

Ψ0[n] = 1
√π4 eJf cmnΔte−

(nΔt)2

2                                                                                            (A. 1) 
where fcm is the central frequency of mother wavelet. n is the time index. It is the time step 
in seconds. J is the imaginary unit. It is the time step in minutes. The expression for Ψ0[n] 
in a scaled-frequency domain is: 

Ψ0(ajωk) = 1
√π4 e−

(aJωk−fcm)2

2                                                                                           (A. 2) 
where  aj is the dimensionless scaling as aj = a02jΔj for j = 01‚ ··· ‚J − 1. a0  is the smallest 

scale and J is the largest scale: J = � 1
Δj

log2(NΔt
a0

)�. N  is the number of samples in the time 

domain signal, k is the frequency index and ωk is the angular frequency given by (Torrence 
and Compo, 1998): 

ωk = �

0               k = 1
2πk
NΔt

          1 < k ≤ N
2

+ 1

−2πk
NΔt

       N
2

+ 1 < k ≤ N
      for k= 1, 2,…,N  and Δj = Δt = 0.025 

 
A wavelet should typically be accepted, and this is possible when (Farge, 1992): 

lim
N→∞

∑ Ψ0[n]N
n=−N = 0      and   Ψ0(ajωk) = �

1
√π4 e−

(aJωk−fcm)2

2     ωk > 0
0                               ωk ≤ 0

                    (A. 3)  

 
The CWT of the observed signal x[n] is represented as the first step in the compensation 
procedure: 
 
X�n‚ aj� = ∑ �∑ x[i]N

i=1 e−J
2π
N ikY∗(ajwk)�N

k=1 eJ
2π
N nk                                                       (A. 4) 

 
The attenuation must first be determined in order to produce an inverse filter. The inverse 
filter is then applied to X[n,aj] in the wavelet domain to correct for attenuation. According 
to Taflove and Hagness (2005), the Maxwell equations' solution for a plane wave 
propagating in a dispersive medium is: 
E[n] = eJ2πf.nΔte−J2πf√εμd[n]                                                                                          (A. 5) 
That can be written as:  

E[n] = eJ2πf.nΔte−J2πf√εr
d[n]
C

= eJ2πf.nΔte−J2πfℜ[√εr]d[n]
C e2πfℑ[√εr]d[n]

C

≜ eJ2πf.nΔt.Θ. Γ

                                                                            (A. 6) 

where d[n] is the distance between the excitation and the observation, f is the frequency, J 
is the imaginary unit, μ = μ0μr is the magnetic permeability of the medium, μ0 is the free 
space magnetic permeability and μr is the relative magnetic permeability of the dispersive 
medium. ε = ε0εr is the permittivity of the medium, ε0 is the free space permittivity, εr is 
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the complex relative permittivity of medium. C = 1
�ε0μ0

  is the speed of light in the vacuum, 

ℜ[√εr] and ℑ[√εr] are the real and the imaginary parts of √εr. Γ is the attenuation and Θ  is 
the phase shift defined as: 

Γ[n, f] = e2πfℑ[√εr]d[n]
C              and           Θ[n, f] = e−J2πfℜ[√εr]d[n]

C                                  (A. 7) 
The inverse filter extracted from the above equation is:  
H�n¸ aj� = 1

Θ�n,aj�.Γ�n,aj�

= e
J2πfcaJ

ℜ[√εr]d[n]
C e

−2πfcaJ
ℑ[√εr]d[n]

C

                                                                                      (A. 8) 

where aj  is a scaling factor which controls the actual frequency and fc  is the central 
frequency of x[n], and H should be stabilized (Wang, 2006) as: 

Hs�n¸ aj� = Γ�n¸ aj�

Γ�n¸ aj�
2
+T

. 1
Θ�n¸ aj�

                                                                                          (A. 9) 

The stabilization factor, shown by the symbol Td, is constant across all simulations. The 
stabilized compensated wave Y�n‚ aj� would be: 
Y�n¸ aj� = X�n¸ aj�Hs�n¸ aj�                                                                                          (A. 10) 
Lastly, by applying the inverse continuous wavelet transform (ICWT) to Y�n‚ aj�, the 
compensated signal will be (Torrence and Compo, 1998): 

Xc[n] = 1
Cδ
∑

ℜ�Y�n‚ aj��

�aj
J
j=1                                                                                               (A. 11) 

where Cδ = ∑
ℜ�Xδ�aj��

�aj
J
j=1 . For the Morlet wavelet, the CWT of a delta function is 

calculated as: 
Xδ�aj� = 1

N
∑ Ψ∗N
k=1 (ajωk).  
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