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Abstract

To address the inherent ill-posedness of the geophysical inverse problems, it is necessary to include
a suitable regularization function in the corresponding optimization framework. Typically, the choice
of the regularization function depends on prior assumptions about the geometric characteristics of
the unknown model parameters, e.g., smoothness or blockiness. First-order total variation regulari-
zation (TV) allows the reconstruction of well-defined edges and models exhibiting block-like char-
acteristics. However, it is associated with the generation of undesirable staircase artifacts. This study
applies a novel approach for removing staircase artifacts using a combined second-order non-convex
total variation with overlapping group sparse regularizer. This regularizer aims to smooth out the
staircase effect while still keeping the edges of the model. Moreover, the study applies the proposed
method for the nonlinear seismic cross-hole tomography problems, where the goal is to reconstruct
both smooth and blocky features of the model and avoid staircase artifacts of the TV regularization.
The numerical examples indicate the efficiency of the proposed regularization method.
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1 Introduction

Seismic travel-time tomography is an im-
aging technique that uses seismic data to
reconstruct physical subsurface parame-
ters such as seismic velocity and attenua-
tion coefficient. It is formulated as an in-
verse problem, to determine subsurface
parameters based on the arrival time or
amplitude information extracted from
seismic waveform recordings (Wang and
Rao, 2020). Regularization is critical in
travel-time  tomography, particularly
when dealing with complex subsurface
structures of a discontinuous nature such
as faults or fractures. The regularization
technique aids in balancing the trade-off
between fitting the observed data and
keeping the model in a desired shape (e.g.,
smooth or blocky), lowers the impact of
noise in the inversion process and prevents
overfitting. Moreover, it improves the
quality of the estimated models (Lin et al.,
2015; Jiang and Zhang, 2018).

One of the most effective regularization
techniques in image processing is total
variation (TV) regularization, as proposed
by Rudin and Osher (1994). This particu-
lar approach is favoured due to its ability
to effectively preserve the crucial sharp
edges of the models throughout the recon-
struction procedure. The TV regulariza-
tion is appropriate for models that exhibit
piecewise constant (blocky) features and
is implemented using the L1-norm. In this
scenario, the TV function encourages
sparsity in a particular domain, such as the
curvelet domain or the domain of the
model gradient. Despite the success of TV
regularization in inverse problems, its uti-
lization is susceptible to a specific issue
referred to as the staircase artifact, which
manifests as visually displeasing blocky
patterns in the resultant model (Xu et al.,
2019). The use of TV regularization for
seismic tomography problems suffers
from this drawback, and proposing an ef-
ficient TV-based approach is the objective
of this study.

Although higher-order techniques are

found to help decrease staircase artifacts
in the model, they often suffer from the
drawback of causing blurring of model
edges and structures (Xu et al., 2014). Hy-
brid methodologies that integrate higher-
order TV by utilizing high-order deriva-
tives and TV regularization (first-order
derivative) have been proposed to address
this problem. The total generalized varia-
tion (TGV) model, as presented by Bre-
dies et al. (2010), and the combined model
proposed by Papafitsoros and Schonlieb
(2014) serve as two illustrative instances
of such methodologies. The TGV tech-
nique effectively manages the trade-off
between first-order and second-order total
variation (TV) in the vicinity of model
edges. In contrast, the hybrid approach
proposed by Papafitsoros and Schonlieb
(2014) tackles edge preservation and the
reduction of staircase artifacts separately
by employing first-order and second-order
TV, respectively.

Several research studies have presented
favourable outcomes in mitigating stair-
case artifacts through the utilization of hy-
brid Tikhonov and TV approaches
(Gholami and Hosseini, 2013; Gholami
and Gazzola, 2022). In addition, there is a
growing interest in the image processing
industry towards non-smooth, non-convex
methods that can preserve sharp edges in
the model (Nikolova et al., 2010). The uti-
lization of methods incorporating struc-
tural sparsity has also been explored to ad-
dress staircase artifacts when employing
TV regularization. Previous studies (Se-
lesnick and Chen, 2013) have demon-
strated the advantages of utilizing group
sparsity techniques in this particular con-
text. To mitigate the presence of staircase
artifacts, Liu et al. (2015) established the
concept of overlapping group sparse total
variation (OGSTV). Additionally, Shi et
al. (2016) proposed a hybrid approach that
combines the overlapping group sparse
technique with a hyper Laplacian prior.

Drawing upon previous studies in the
field of image processing, and following
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the study conducted by Adam and
Paramesran (2020), we apply a novel ap-
proach that integrates non-convex higher-
order total variation with an overlapping
group sparse regularizer specifically for
seismic travel-time tomography. This
combination effectively mitigates the
problem of staircase artifacts while simul-
taneously preserving the integrity of
model edges. The non-convex regulariza-
tion technique known as higher-order TV
is specifically developed to reduce blocky
artifacts in restored images while preserv-
ing edge features. In contrast, the use of
the non-convex higher-order TV term may
inadvertently exacerbate speckle distor-
tions due to its tendency to perceive them
as edges. To tackle this matter, the utiliza-
tion of OGSTV regularization is em-
ployed to effectively mitigate and control
the consequences arising from the non-
convex higher-order TV regularization.

2 Method

The primary objective of the majority of
geophysical inversion techniques is to
derive quantitative inferences regarding
the physical characteristics of the Earth's
subsurface (referred to as the model space)
based on a limited number of recorded
measurements (representing a specific
subset of the data space). From a
mathematical perspective, the problem
can be approached as the task of
determining a solution to a system of
equations:

g(m) =d (1)
where g: R™ —» R™ governs the physics
of the problem and is a function mapping
from the set of real numbers m-dimen-
sional space to another set. Depending on
the problem at hand, g might be either lin-
ear or non-linear. The primary function of
this entity is to establish a correspondence
between the model space and the data
space. The vector m € R™ represents the
desired model parameter (slowness) in the
model space, whereas the vector d € R™
represents the vector of observation (first

arrival time) obtained when the mapping
operator is applied to the true model of the
subsurface.

One can effectively incorporate regular-
ization by leveraging the benefits of Oc-
cam's inversion in the context of nonlinear
problems. The concept of Occam's inver-
sion entails the application of local linear-
ization to the situation at hand through the
use of Taylor expansion, as described by
Aster (2018):

g(m* + 8m) ~ g(m¥) + J(m*)8m, ()
where Jacobian matrix, denoted as J(m*) =

35:1) represents the derivative of the

modeled data, g(m), concerning the model
parameter m. This matrix quantifies the
sensitivity of the modeled data g(m) to
changes in the model parameters. 8m
represents the model perturbation. By
inserting Eq. (2) into Eq. (1), we obtain:

J(m*)8m = d — g(m"). 3)
Presently, we are faced with a linear
equation about the variable 6m. It should
be noted that §m = m**! — m¥X, and we have:

J(m*) (m**! —m*) = d — g(m"), (4-1)
(4-2)
J(m*) (m**1) = d — g(m") + J(m*) (m").
a
We can see that J(m*) m**! = d is linear

concerning mk*1, In what follows, we use
L= ](mk) to have a consistent notation with
linear inverse problem literature.

2-1 Non-linear second-order total var-
iation overlapping group sparse total
variation regularization

To formulate the proposed approach for
nonlinear seismic tomography using a
combination of non-linear second-order
total variation and group sparsity, we
introduce the following optimization
problem (Adam and Paramesran, 2020):

(5)

L1 NG
min=|[Lm — d|| + ¢(Vm) +

m 2 2
ylIv2m |12 + 7, (m).
In this context, the expressions ¢p(m) and
[l. |I§ represent the regularization function
for overlapping group sparsity, and the
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non-convex {p norm, respectively. The
variable y > 0, serves as parameters for
balancing the data fidelity term and the
non-convex second-order term. Addition-
ally, the function J-.(m) functions as a
characteristic (indicator) function, ena-
bling us to enforce strict constraints within
the objective function. Specifically, it as-
signs a value of 0 to m if it belongs to set
C, and assigns an infinitely large value if
m is not in set C. Symbols V and V? rep-
resent the first-order difference operator
and the second-order difference operator,
respectively. The alternating direction
method of multipliers (ADMM) (Boyd et
al., 2010) can be used to minimize prob-
lem (5). By introducing the auxiliary vari-
ables p = Vm, q = V’m, z = m, problem
(5) can be recast as the following con-
straint optimization:

(6)
1 L d ’ p
min |Lm — ”2 + o) +vyllqll,

+1.(2),
subject to. p=Vm,q=V?’m,z=m
The constraint optimization defined in (6)
can be replaced with the corresponding
augmented Lagrangian function as:

a2
L= [|Lm —d|, +¢ @) +yliq I} +1c(z)
a
—A7(p—Vm) + 71 llp — Vm||2

—g}(q— VZm)
+-Fllq-v’ml3
—43(z—m)

+ 2z - ml
where a4, a,, a3 > 0 are the penalty pa-
rameters associated with penalty terms,
and 4, 4,, A3 are the vector of Lagrange
multipliers. The ADMM approach to
solve Eq. (7) leads to the following itera-
tions (Boyd et al., 2010):
(8-1)
mk+! = min L(m, p¥, q*,z*, A%, 2%, 2%)
(8-2)

piet
= min L(m**,p, g, 2¥, A%, 25, 2%)
' (8-3)
gt
= min L(m**, pktt, q, 2%, A%, 2%, 4K
' (8-4)
S+ —
min L(m**, pk+l, qk+1, 7, 2%, 2% 2K
A = Ay ay (P - Vme) (8-5)
Ay = Ay + ap(VPm**t — g+t (8-6)
A3 = 23 + az(mktt — Zk+1), (8-7)

2-2  Optimization over m

The subproblem over m [Eq. (8-1)] is
quadratic which leads to the following
least squares optimization:

)

A A
m
a 2
+51p* — Vml; — 3(q* - v’m)

+221 qF = Viml - AT — m) + 22 |z¢ — ;.
The above minimization problem has a
closed-form solution, which is the solution
of the following linear system of equa-
tions:

(10)
(LTL+ a;V'V + a,(V?)TV2 + azD)m*+! =

(LTd - VTA¥ + a, VT p* — (V2)T2%
+ay (V)T gF — 2% + asz").

2-3 Optimization over p

The subproblem over p [Eq. (8-2)] is an
overlapping group sparse total variation
(OGSTV) denoising problem (Liu et al.,
2015), and has the following form:

(11)
pE = min=tp — Ymi — AT (p - Vm**)
+é(p),
It can be rewritten as follows:
(12)

L« pLaVE
ot =min o= (e )]

+¢(p)



Nonlinear travel-time cross-hole tomography with overlapping group sparse total variation regularization 75

The GSTV regularization function, ¢(p) ,
is defined as:

1

o) =i [Z55 G+ NP 13)
Here, K represents the group's size, which
can be thought of as a contiguous window
of size K beginning at index i (see e.g.,
Chen and Selesnick, 2014). Following
Adam and Paramesran (2020), we employ
the majorization-minimization (MM)
strategy to address the OGSTV problem
(12). The MM approach involves bound-
ing ¢(p) using a quadratic surrogate func-
tion during each iteration of the algorithm
designed to solve Eq. (12). Consequently,
in each step of the MM algorithm, we
tackle a convex quadratic problem, which
ultimately leads to a convergent solution
for Eq. (12).

2-4 Optimization over q
The optimization over q [Eq. (8-3)] is a
minimization task of the following form:

(14)

a
qk+1 = min—2 lq-— Vzmk+1||§
q 2

_A'ZI'( q-— vak+1) + y I q "p’
which is a problem involving second-or-
der total variation denoising, and is not
convex in nature. It can be reformulated
as:

(15
= mgn% - (v )|!
+y I qlb.

The lack of convexity of the problem
arises from the {p norm, with a value be-
tween 0 and 1. To minimize problem (15),
the iterative re-weighted €1 (IRL1) algo-
rithm can be utilized (Aster, 2018). During
every step of the IRL1 algorithm, problem
(15) is estimated as a weighted £1 norm
problem with the following structure:

(16)

et — aremin @l a — (G2t /1_’2‘)2
q-t argmmZHq (Vm++a2 ”2

where

(17)

w; = — P
(Iq +e) ™"
Here, € > 0 is a small value. Now, the
proximity operator can be used to solve
Eq. (16):
(18)

q**! = shrink (vz k1 kg ay)

2

W.
= max{|V2m"+1 + A5 ay| - a—Ly,O} :
2
sgn (V2mk*t + 2% /a,),
where sgn(-) is a sign function.

2-5 Optimization over z
The optimization over z [Eq. (8-4)] can be re-

written as:
(19)
2
3 | yLAY
VASEIES m1n— il (m"+1 +—3>ii
az/ll,
+ Jc(2),
That is a projection problem as:
(20)
A5
Zk+1 — prOjC (7Ck+1 +_>’
as
PIPENT. -
= min| m*™** max | J.“"" + a—,m* mn,
3
where m* ™" and m* ™% are the prede-

fined minimum and maximum bound of
the desired model according to the prior
information.

The subproblem over the Lagrange mul-
tipliers are solved by the gradient ascent
approach according to Egs. (8-5) to (8-7).

3 Numerical examples

3-1 Example 1: Choosing the optimal
group size based on an image denoising
problem

The determination of the group size K is a
crucial component in the OGS-TV ap-
proach. The group size of one is equiva-
lent to the usual TV method. Opting for
larger values has the potential to increase
CPU time. To comprehend the influence
of group size, an experiment is undertaken
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on an image-denoising problem. Specifi-
cally, a portion of the Marmousi model is
sliced for analysis (Fig. 1a). In this seis-
mic-like portion, Gaussian-distributed

Original

\\

L2 L

i

(@)

random noise with a peak signal-to-noise
ratio (PSNR) of approximately 16 dB is
added to the original image (Fig. 1b).

Noisy (PSNR = 16.078 dB)

(b)

Figure 1. Denoising seismic section. (a) Original seismic section. (b) Gaussian noise contaminated section with
PSNR of 16 dB.

The suggested technique is not sensitive
to the choice of penalty parameters
a4, @y, a3, owing to the inclusion of the
Lagrange multipliers. The values for all
examples were picked based on a process
of trial and error. The identical methodol-
ogy applies to the variable y. The method
is executed with varying group sizes rang-
ing from 2 to 7. The denoising results after
400 iterations are depicted in Fig. 2. The
improvement in the quality of the de-
noised portions, as measured by the la-
beled PSNR value, is evident with an in-
crease in the group size. This is confirmed
by the calculated relative model error dur-
ing iterations that is shown in Fig. 3. It can
be seen that a higher group size leads to a
higher convergence rate. Nevertheless,
there is also an observable increase in
CPU time. Consequently, a group size of
5 was chosen as the ideal value for the
nonlinear travel-time tomography prob-
lem, as discussed in the subsequent sec-
tion.

3-2 Example 2: Nonlinear travel-time
tomography

In this section, a comparative study will be
conducted between the proposed method
and the traditional TV regularization
solved by the iterative reweighted least
squares (IRLS) method. The objective of
this study is to evaluate the performance
and efficacy of both methodologies using
a simulated numerical illustration.

The primary emphasis of this study is
on nonlinear seismic tomography, yet it is
worth noting that the technique employed
in this research has the potential to be uti-
lized in several other seismic inversion ap-
plications. We deploy a configuration con-
sisting of 14 seismic sources placed within
one borehole, along with 14 receivers lo-
cated in a separate borehole. The ground
truth model for this synthetic example is
shown in Fig. 4a, which includes a sharp
high-velocity anomaly embedded in a
smooth background model. It can be seen
that the model contains both smooth and
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Figure 3. The relative model error versus iteration for different values of group size.

3-2 Example 2: Nonlinear travel-time
tomography

In this section, a comparative study will be
conducted between the proposed method
and the traditional TV regularization
solved by the iterative reweighted least
squares (IRLS) method. The objective of
this study is to evaluate the performance
and efficacy of both methodologies using
a simulated numerical illustration.

The primary emphasis of this study is
on nonlinear seismic tomography, yet it is
worth noting that the technique employed
in this research has the potential to be uti-
lized in several other seismic inversion ap-
plications. We deploy a configuration con-
sisting of 14 seismic sources placed within
one borehole, along with 14 receivers lo-
cated in a separate borehole. The ground
truth model for this synthetic example is
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shown in Fig. 4a, which includes a sharp
high-velocity anomaly embedded in a
smooth background model. It can be seen
that the model contains both smooth and
blocky features as demonstrated by a ver-
tical velocity profile extracted at X=100 m
(Fig. 4b). The Fast Marching Method
(FMM) is employed for the computation
of seismic data, which is a crucial compo-
nent of our research. This method, as de-
scribed by Sethian (1996, 1999a,b) and
Sethian and Popovici (1999), is utilized
for forward modeling purposes. Fig. 4 de-
picts the accurate representation of the

140

160

180

0 50 100 150
X (m)

2040

2035

12030

12025

12020

2015

2010

model alongside a vertical profile log that
is extracted from the central portion of the
model. The present model has a distinct
geometric irregularity that is juxtaposed
against a uniform and smooth background,
rendering it well-suited for the examina-
tion and evaluation of various regulariza-
tion techniques. The original model func-
tions as a point of reference or
ground truth. Subsequently, the collecting
of data between boreholes is conducted
through the utilization of a forward mod-
eling engine, yielding first arrival time
data.

120 1

140 ¢

160 - (b)

180

2020 2030 2040

Velocity (m/s)

2000 2010 2050

Figure 4. (a) True velocity model. (b) Vertical velocity profile extracted at X = 100 m.

Fig. 5a depicts the ray tracing overlaid
onto the model, providing a visual repre-
sentation of the ray paths (from source to
receiver) within the geological structure.
Meanwhile, Fig. 5b showcases the results
of the first arrival time (as observed data),
offering insights into the propagation of
seismic waves within the subsurface. To

simulate real-world conditions, we add
random noise to data with an SNR of
10 dB. This allows us to assess the robust-
ness of our methodology in the presence
of noise. Fig. 6 illustrates the comparison
between noise-free data and data with
noise.
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Figure 5. (a) Ray paths from source to receiver overlaid onto the model. (b) First arrival time recorded by receivers.
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Figure 6. Comparison between noise-free data (red) and noise-contaminated data (blue).

Given the observed data, the next step is The first one is TV regularization, which
the inversion process. In doing so, two is solved by the iteratively reweighted
kinds of regularization schemes are incor- least squares (IRLS) method (Aster,

porated into the optimization procedure. 2018). The second one is the proposed
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method based on the OGS method, which
is combined with a hybrid non-convex
second-order total variation. For each
method, the inversion is performed
through 20 iterations. Fig. 7 displays the
inversion results obtained using both the
proposed method and a conventional TV
regularization method. It can be seen that
the proposed method (Fig. 7b) outper-
forms conventional TV regularization
(Fig. 7a), and is successful in capturing
both smooth background and blocky
anomalies. For a better comparative view,
the difference between the true model
(Fig. 4a) and the estimated model is shown
in Fig. 7¢ (for conventional TV) and Fig.
7d (for the proposed OGS method). For
the sake of a comprehensive assessment of
the effectiveness and performance of our
proposed approach in contrast to the con-
ventional TV, some vertical profiles at dif-
ferent locations of the true model, initial
model, and estimated models (shown in

2040

Figs. 8a,b) are extracted. The extracted ve-
locity profiles are shown in Fig. 8. Obvi-
ously, the proposed method is successful
in reconstructing both smooth features
(left and right panels) and blocky features
embedded in a smooth background (mid-
dle panel).

During the iterations, the data misfit error
as well as relative model error are com-
puted as:

Data misfit: ||g(m*) —d]||,

”mk_mtrue”2

Relative model error:
|mtrue||,

The computed error curves are shown in
Fig. 9. It can be seen that after some itera-
tions, the conventional TV regularization
(red curves) is unable to reduce both data
and model errors. In contrast, the proposed
method (blue curve) is successful in re-
ducing the mentioned errors.

0 2040

50

2030 2030
£ 100 ms E 4 ms
N N

2020 2020

150 150
a)
2010 2010
0 50 100 150
X (m)
0 15 0 15
10 10
50 . 50 .
W -
e R W | e | L ] s
= 100 o= 0 = 100 0
N N
-5 -5
150 150
(c) -10 (d) 10
-15 -15
0 50 100 150 0 50 100 150
X (m) X (m)

Figure 7. Nonlinear travel-time tomography inversion. The inversion results obtained using (a) conventional TV reg-
ularization, and (b) the proposed regularization method. (c) The difference between the true model and the estimated
model using conventional TV regularization and (d) the proposed regularization.
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Figure 8. Comparison of extracted vertical profiles at (from left to right) X = 25, 100, 175 m.
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Figure 9. (a) Data misfit versus iteration. (b) Relative model error versus iteration.
The difference between noisy data (ob- (Fig. 5b), the two methods can fit the data
served) and data computed from estimated well. However, from Fig. 9, still quantita-
models (Figs. 7a,b) is illustrated in Fig. tively, the proposed method outperforms

10. In comparison to the noise-free data TV regularization in fitting the data.
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Figure 10. Comparison between noisy data (observed) and data computed from estimated models (Figs. 7a,b).

4 Conclusion

To address the problem of staircase arti-
facts in conventional total variation (TV)
regularization applied to nonlinear travel-
time tomography, we have employed a
methodology that combines the benefits of
non-convex higher-order total variation
and overlapping group sparsity. This ap-
proach is necessary for regularization in
seismic tomography inversion problems.
Alternating direction methodology was
used to efficiently tackle the proposed reg-
ularization approach. The current study
utilized a synthetic model to aid in the re-
building of the model during the compar-
ative analysis. The findings indicate that
the proposed strategy demonstrated im-
proved performance in estimating both
smooth and blocky features when com-
pared to the conventional total variation
(TV) regularization method.

5 Data and sharing resources

The Marmousi model used in this study
was taken from the database of the Uni-
versity of Huston and can be downloaded
at this address:
http://www.agl.uh.edu/downloads/down-
loads.htm.
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